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Abstract 

The authors consider non-autonomous dynamical behavior of wave-type evolution- 
ary equations with nonlinear damping and critical nonlinearity. These type of waves 
equations are formulated as non-autonomous dynamical systems (namely, cocycles). A 
sufficient and necessary condition for the existence of puUback attractors is established 
for norm-to-weak continuous non-autonomous dynamical systems, in terms of pull- 
back asymptotic compactness or puUback k— contraction criteria. A technical method 
for verifying puUback asymptotic compactness, via contractive functions, is devised. 
These results are then applied to the wave-type evolutionary equations with nonlin- 
ear damping and critical nonlinearity, to obtain the existence of puUback attractors. 
The required puUback asymptotic compactness for the existence of puUback attractors 
is fulfilled by some new a priori estimates for concrete wave type equations arising 
from applications. Moreover, the puUback contraction criterion for the existence of 
puUback attractors is of independent interest. 

Keywords: Non-autonomous dynamical systems; Cocycles; Wave equations; Non- 
linear damping; Critical exponent; PuUback attractor. 

Dedicated to Philip Holmes on the occasion of his 60th birthday 

1 Introduction 

Nonlinear wave phenomena occur in various systems in physics, engineering, biology and 
geosciences 0] |^ 001 1^ IMj- At the macroscopic level, wave phenomena may be 
modeled by hyperbolic wave type partial differential equations. We consider the following 
non- autonomous wave equations with nonlinear damping, on a bounded domain in R'^, 
with smooth boundary d^: 

utt + h{ut) - Au + f{u,t) ^ g{x,t) xEfl (1.1) 
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subject to the boundary condition 
and the initial conditions 



u\dn = 0, 



(1.2) 



u{x,0) = Uo{x), ut{x,0) = vo{x). (1.3) 

Here h is the nonhnear damping function, / is the nonlinearity, 5 is a given external time- 
dependent forcing, and A = dxixi + 8x2x2 + (^xaxa is the Laplace operator. 

Equation p.l|l arises as an evolutionary mathematical model in various systems. For 
example, (i) modeling a continuous Josephson junction with specific h,g and / |27j : (ii) 
modeling a hybrid system of nonhnear waves and nerve conduct; and (iii) when h{ut) = 
kut and f{u) — |'u|''u, the equation models a phenomenon in quantum mechanics 

nniiiiiEniiioi. 

For the autonomous case of i.e., when / and g do not depend on time t explicitly, 

the asymptotic behaviors of the solutions have been studied extensively in the framework 
of global attractors; see, for example, ^ 01 EI 13] for the linear damping case, and 
|16[ll7[[TSlll9l 138) for the nonlinear damping case. 

In this paper, we consider the non- autonomous case, especially when the damping h 
is nonlinear and when the nonlinearity / has critical exponent (see below). For a non- 
autonomous dynamical system like (|1.1|I - H1.3|I . the solution map does not define a semigroup 
and instead, it defines a two-parameter process, or cocycle. Fullback attractors are appro- 
priate geometric objects for describing asymptotic dynamics for cocycles. We will briefly 
introduce basic concepts for non-autonomous dynamical systems in §3. We will discuss the 
asymptotic dynamics of (|1.1() - (|1.3I) via puUback attractors of the corresponding cocycle. This 
dynamical framework allows us to handle more general non-autonomous time-dependency; 
for example, the external force g needs to be neither almost periodic nor translation compact 
in time. 

Our basic assumptions about nonlinear damping h, nonlinearity / and forcing g are as 
follows. Let g{x,t) be in the space Lf^^{'R;L'^{n)), of locally square-integrable functions, 
and assume that the functions h and / satisfy the following conditions: 

/igC^(R), h{0)=0, ft strictly increasing, (1.4) 
liminf /i'(s) > 0, (1.5) 

I s| — *oo 

\h{s)\<Ci{l + \sn, (1.6) 
where p € [1, 5) which will be given precisely later; / G C^(]R x M; R) and satisfies 

Fsiv, s) ^ S^Fiv, s) + Cs, Fiv, s) ^ -mv^ - (1.7) 

\Mv,s)\<C2il + \vn, |/.(z;,s)| <C3(l + |«r+i), (1.8) 

f{v,s)v -C4F{v,s)+mv^ ^ -C„r, V (u, s) G R x R, (1.9) 

where ^ q ^ 2, F{v,s) — f{w,s)dw and 6, m are sufficiently small which will be 
determined in Lemma 15.31 The number g = 2 is called the critical exponent, since the 
nonlinearity / is not compact in this case (i.e., for a bounded subset B C 7?Q(r2), in general, 
f{B) is not precompact in L'^{il)). This is an essential difficulty in studying the asymptotic 
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behavior even for the autonomous cases ^ EI 1161 117L 1181 1191 I38| . The assumptions 
(|1.4|) - H1.5|I on h are similar to those in |18l I19L 031 138 | for the autonomous cases, while the 
assumption 1 < p < 5 is due to the need for estimating g(ut)u by g{ut)ut and J^^ | Vup 
via Sobolev embedding. Finally, the assumptions H1.7|l - (|1.9|) are similar to the conditions 
used in Chepyzhov & Vishik (14| for non-autonomous cases but with linear damping. 

Let us recall some recent relevant research in this area. 

The existence of pullback attractors are established for the strongly dissipative non- 
autonomous dynamical systems such as those generated by parabolic type partial differential 
equations, e.g., the non-autonomous 2D Navier-Stokes equation and some non-autonomous 
reaction diffusion equations; see [51 [71 |S1 El El El El ESI and the references therein. However, 
the situation for the hyperbolic wave type systems is less clear. For the linear damping case 
h{v) = kv with a constant fc > and q < 2 (subcritical) , Chepyzhov & Vishik have 
obtained the existence of a uniform absorbing set when g is translation bounded in time (i.e., 
g G L^(]R; L^(f2))), and the existence of a uniform attractor when g is translation compact 
in time (i.e., g £ Ll(R; (n))) . 

Under the assumptions that g and dtg are both in the space of bounded continuous 
functions Cf,(R, L^(fl)), h has bounded positive derivative, and furthermore, / is of critical 
growth (i.e., q = 2), Zhou & Wang [^ have proved the existence of kernel sections and 
obtained uniform bounds of the Hausdorff dimension of the kernel sections. Caraballo et 
al. [HI have discussed the pullback attractors for the cases of linear damping and subcritical 
nonlinearity {q < 2) . 

As in the autonomous case, some kind of compactness of the cocycle is a key ingredient for 
the existence of pullback attractors of cocycles. The corresponding compactness assumption 
in Cheban [ll] is that the cocycle has a compact attracting set. Recently, Caraballo et al [Z| 
have established a criterion for the existence of pullback attractors via pullback asymptotic 
compactness, and illustrated their results with the 2D Navier-Stokes equation. 

For the autonomous linearly damped wave equations. Ball proposed a method to 
verify the asymptotic compactness for the corresponding solution semigroup. This so-called 
energy method has been generalized j3()l I32j to some non-autonomous cases. However, for 
our problem, due to the nonlinear damping, it appears difficult to apply the method of 
Ball 0]. Moreover, a decomposition technique ^ El 1^ ISSl 1221 has been successfully 
applied to verify the asymptotic smoothness of the corresponding solution semigroup for 
autonomous wave equations. 

In this paper, after some preliminaries, we first introduce the pullback k— contraction 
concept, a generalization of k— contraction from autonomous systems to non-autonomous 
systems. Then we establish a criterion for the existence of pullback attractors, in terms of 
pullback K— contraction or pullback asymptotic compactness. This criterion is for a class of 
"weakly" continuous cocycles (i.e., the so-called norm-to-weak continuous cocycles; see §3 
below). Thirdly, we show that the pullback /c— contraction is not equivalent to the pullback 
asymptotic compactness, unless the cocycle mapping has a nested bounded pullback absorb- 
ing set (see Definition 13.71 below) . This fact is different from the autonomous semigroup 
cases. Moreover, we propose a technique for verifying pullback asymptotic compactness. 
Finally, we apply these results to show the existence of pullback attractors for the non- 
autonomous hyperbolic wave system Hl.l|l - H1.3|l . 

Due to the difference between the cases p = 1 and 1 < p < 5 for the nonlinear damping 
exponent p, we propose the following two kinds of assumptions. 

Assumption I. 

h satisfies (ll.4|l - (jl.6|l with p = 1 and there is a Co such that Co\u — ^ ('*(") ~ 
h{v)){u - v); 
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g satisfies 

/ e'^M \g{x, s)\^ dxds <oo for each t e R, (1.10) 

J —oo J Q 

where /?(< Cq) is constant depending on the coefficients of h and /, which will be 
determined in the proof of Lemma 15. 31 

/ satisfies (fTTt - lfT^ . 

Assumption II. 

h satisfies H1.4|l - (jl.6(l with 1 ^ p < 5; And 

geL°-{R,L'{m (1-11) 
In addition to (|1.7|I - H1.9|I . / satisfies also 

F,{v, s) s; for all {v, s) e M x M. (1.12) 



We remark that the technical hypotheses Hl.ll|l and (|1.12|l in Assumptions II are mainly 
for the existence of puUback absorbing set; see Lemma 15.31 below or Haraux |23| for more 
details. Our method for verifying the asymptotic compactness allows us take some more 
general assumptions than (|l.ll() - (|1.12|l . 

For convenience, hereafter let | • |p be the norm oi L'p{VI) (1 ^p<oo), and C a general 
positive constant, which may be different in different estimates. 

This paper is organized as follows. We present some background materials in §2, then 
prove a criterion on existence of puUback attractors in §3, and a technical method for 
verifying puUback asymptotic compactness is presented in §4. Finally, in §5, these abstract 
results are applied to a non-autonomous wave equation with nonlinear damping and critical 
nonlinearity, to obtain the existence of puUback attractors. We conclude the paper with 
some remarks in §6. 



2 Preliminaries 

2.1 Kuratowski measure of non-compactness 

We briefly review the basic concept about the Kuratowski measure of non-compactness and 
recall its basic properties, which will be used to establish a criterion for the existence of 
puUback attractors. 

Definition 2.1. (\21\ \,yf>f } Let X be a complete metric space and A be a bounded subset 
of X . The Kuratowski measure of non- compactness k(A) of A is defined as 

k(A) = inf{(5 > 0| yl has a finite open cover of sets of diameter < S}. 

If A is a nonempty, unbounded set in A, then we define k{A) = oo. 

The properties of k{A), which we will use in this paper, are given in the following lemmas: 

Lemma 2.2. fl21[\,'-if^ } The Kuratowski measure of non- compactness k{A) on a complete 
metric space X satisfies the following properties: 

(1) k{A) — if and only if A is compact, where A is the closure of A; 

(2) k{A) = k{A), k{A U B) = max{K(74), k{B)}; 
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(3) IfAcB, then k{A) «C k{B); 

(4) If At is a family of nonempty, closed, bounded sets defined for t > r that satisfy 
At C As, whenever s < t, and K{At) ~^ 0, as i — > oo, then (1 At is a nonempty, 

t>r 

compact set in X. 

If in addition, X is a Banach space, then the following estimate is valid: 

(5) k[A -\- B) ^ '*(^) + i^iB) for any bounded sets A, B in X . 

2.2 Some useful properties for nonlinear damping function 

In the following, we will recall some simple properties of the nonlinear damping function h, 
which will be used later. 

Lemma 2.3. (\1!A \2^ ) Let h satisfy H1.4|) and (|1.5|l . Then for any S > 0, there exists 
a constant Cg depending on 6 such that 

\u-v\'^ s$ S + Cs{h{u) -'h{v))(u-v) for all u,v e R. 

Moreover, condition 1)1. 6|1 implies that 

\his)\^ ^Cil + \s\). 

Therefore, we have 

\h{s)\'^ = \h{s)\^ ■ \h{s)\ ^ C(l + \s\)\h{s)\ C\h{s)\ + Ch{s) ■ s. 
Combining this estimate with the Young's inequality and 1)1. 4|l . we further obtain that 

\h{s)\^ i^C{l + h{s) ■ s) forallsGM, (2.1) 
where the constant C is independent of s. 

3 Criterion for the existence of pullback attractors 

In this section, we first recall a few basic concepts for non-autonomous dynamical systems, 
including pullback k— contraction, pullback asymptotic compactness and pullback attractor. 
Then we present criteria for existence of pullback attractors, in terms of k— contraction or 
pullback asymptotic compactness. 

Let X be a complete metric space, which is the state space for a non- autonomous dy- 
namical system (NDS). As in P [TTl IH) . we define a non-autonomous dynamical system 
in terms of a cocycle mapping ip: x E x X — > X which is driven by an autonomous 
dynamical system 6 acting on a parameter space E. In details, 6 — {0t}ieR is a autonomous 
dynamical system on S, i.e., a group of homeomorphisms under composition on E with the 
properties 

(i) 6*0 (cr) = (7 for aU a G S; 

(ii) et+r{<7) = OtiOria)) for aU r e M. 
The cocycle mapping tp satisfies 



5 



(i) (p{0, <7;x) — X for all {a, x) E T, x X; 

(ii) (p{s + t, a; x) — ip{s, 9t{(j)] ip{t, a; x)) for all s, t £ R+ and all (cr, x) E x X. 

Sometimes we say 1^9 is a cocycle with respect to (w.r.t.) 9 and denote this by {ip,0). 
If, in addition, the mapping ip{t, a; ■) : X —> X is continuous for each cr G S and i ^ 0, 
then we call is a continuous cocycle. If the mapping ip{t, cr; •) : X ^ X is norm-to-weak 
continuous for each cr e E and t ^ 0, that is, for each cr e S and t ^ 0, norm convergence 
Xn —>■ X in X implies weak convergence ip{t, cr; x„) ^ ip(t, a; x), then we call if is a norm-to- 
weak continuous cocycle. A continuous cocycle is obviously also a norm-to-weak continuous 
cocycle. 

For convenience, hereafter, we will use the following notations: 

B = {B \ B is bounded in X}; cp{t, cr; B) = Wit, cr; xa) \ Xq G B}. 

Definition 3.1. A family of hounded sets S§ = {B^^^^y, of X is called a bounded 

pullback absorbing set for the cocycle ip with respect to (w.r.t.) 9, if for any cr G S and any 
B £ B, there exists T = T(cr, B) ^ such that 

ip{t, 9-t{cr);B) C B<x for all t ^ T. 

Definition 3.2. iJTl}/) (Pullback attractor) 

A family of nonempty compact sets — {^o-lo-es of X is called a pullback attractor for the 
cocycle ip w.r.t. 9, if for all cr G E, it satisfies 

(i) if{t,a;Acr) = •A-et(a) for all t G (ip~invariance); 
(ii) lim distx{ip{t;9^t{o')', B), Aa) = for all bounded set B C X. 

t— »-t-oc 

Often, Aa is called a fiber at parameter cr G E. 

Definition 3.3. (JTT^) Let (p be a cocycle w.r.t. 9 on M+ x Y. x X , and let B E B. We 

define the pullback iv-limit set uJa{B) as follows 

to<r{B)^f]\Jip{t,9.t{a);B), aGE, 

where A means the closure of A in X . 

If the parameter space E contains only one element erg and 9t{crQ) = erg for all t G 
M, then ip reduces to a semigroup and all the concepts in Definitions 13.113.31 coincide 
with the corresponding concepts in autonomous systems. Especially, in the autonomous 
case, the pullback attractor coincides with the global attractor; see |31 EHl EHI 
Moreover, Chepyzhov & Vishik ^1] define the concept of kernel sections for non- autonomous 
dynamical systems, which correspond to the fibers A^ in the above Definition 13.21 of a 
pullback attractor. Furthermore, similar to the autonomous cases, we have also the following 
equivalent characterization about the pullback w-limit set. 

Lemma 3.4. ('^11}) For any B <Z B and any ct G E, xq G LOa{B) if and only if there 
exist {x„} C B and {t„} C with t„ — > -l-oo as n —>■ 00, such that 

v{in,9-tA<^)]Xn) ^ Xa as 00. 
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Now we define the puUback K-contracting cocycle in terms of the Kuratowski non- 
compactness measure: 

Definition 3.5. (k- contracting cocycle) 

Let if be a cocycle w.r.t. 9 on IR+ x S x X. Then (p is called pullback n-contracting if for 
any e > 0, cr G S and any B E B, there is a T = T{s, a, B) ^ such that 



From the definitions above, we have the following basic fact. 

Lemma 3.6. Let ip be a cocycle w.r.t. 9 on x E x X. If if has a pullback attractor, 
then (f has a bounded pullback absorbing set and (p is pullback k- contracting. 

We introduce another definition, needed for characterizations of existence of pullback 
attractors later. 

Definition 3.7. (Nested pullback absorbing set) 

A family of bounded sets = {-Bcrjo-es of X is called a nested bounded pullback absorbing 
set for if w.r.t. 9 if ilS is a bounded pullback absorbing set, and, moreover, B„ satisfy the 
nested relation: Bg ^(^„) C B^r for any t ^ and any cr e S. 

Remark 3.8. This nested relation appears in some systems arising in physical appli- 
cations. For example, the non- autonomous systems considered in \i4Jl have nested 
bounded pullback absorbing sets. 

In the following, we will present some characterizations for the pullback K-contracting 
cocycles. 

Lemma 3.9. Let p be a K-contracting cocycle w.r.t. 9 on x E x X and have a 
nested bounded pullback absorbing set ^ = {-Bo-jcreE. Then for every a £ E, every bounded 
sequence {a^nj^i C X and every time sequence {tn} C with i„ +00 as n 00, we 
have 

(i) {ip{tn, 6'_t^(cr); a^n)}^! "is pre-compact in X; 

(ii) all clusters of {(p(tn, 0_t^((T); Xn)}'^^i are contained in LOa{Ba), that is, if 



then xq G uJaiBa); 

(Hi) LUa-{B^) is nonempty and compact in X. 

Proof. {{). Denote {xn}'^=i by B. For any e > and for each cr e E, by the definition 
of pullback K-contracting cocycle, we know that there exists a Tq = To(e, a,B„) > such 
that 



n^{ip{t,9^t{<y)\B)) iS,e forallt^T. 



pitn^, 9^t„.i<^)] Xn^) ^ xo as j ^ 00, 



{(p{t, 9^t{<j)]B„)) ^ e for aU t ^ Tq 
and there exists also a. Ti — Ti{e, cr, B) such that 



(3.1) 



^{t + Ti, 9_(^t+T,){0-Toi'j)); B) C C B, for aU t ^ 0. 



(3.2) 
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Hence, for any t ^ 0, we have 

C ip{To, e^Toi^y, B^), (3.3) 

and then 

y ip{t,0^t{a); B) C ^(To, 0-To(^); S.)- (3.4) 
Therefore, combining ()3.1|l and ()3.4|l. we have 

y ^(t,0-*(a); i?) (3.5) 

Then by the properties (1), (2) of Lemma VZ. 2\ a,nd Iwit^ . 6'_4^(cr); Xn)}'^^na "-^ Ut^To+Ti '^(^' B) 
for some np, we know that K,x{{v{im ^-t„(o'); Xn)}^^i) ^ £• Hence by the arbitrariness of 
£ and property (1) of Lemma 12.21 we conclude that {(/3(i„, 0_t„(cr); x^)}^]^ is pre-compact 
in X. 

{ii). Let xq be a cluster of {(p{tn, 9-t„(a); a;„)}^]^, we need to show that xq e uja-iBa-)- 
Without loss of generality, we assume that ip{tn, 9-t„i<j); Xn) xq as n ^ oo. 

We claim first that for each sequence {sm}m=i ^ satisfying — > oo as m ^ oo, 
we can find two sequences {tn^}m=i C {tn}^=i and {ym}m=i ^ B^ satisfying ^ oo as 
m ^ oo, such that 

(p{s„i, e^sm{^)\ Vm) = V'(^n„.7 G-t„^((j)] a;„„). (3.6) 
Indeed, for each m G N, we can take n„i so large that ^ s„i and 

Vrn = f{tn„, - Sm, 0-{t„^-s„,){0-s„A'^))'^ ^n^) ^ Bg_^^^(^^) C B^. 

Therefore, 

6'_t„,„(cr); a;„„) 

= + (^n„. - Sm), ^-(s„ + (t„„ -s„)) (ct); a;„„ ) 

= (p{Sm, 6'-s„.(0-); Urn)- (3.7) 



Hence, 



lim Lp{s,n, 0-s^{<j); ym) ^ lim (p(t„^ , 6'-f„^ (cr); a;„„J = xo. 



and j/m £ B^ for each m g N, which implies, by the definition of Lo^{Ba-), that xq S uJa{B^). 

(iii). The fact that lo^{B„) is nonempty is obvious. Substitute B by in H3.2|l - (|3.5|) . 
we obtain that there exists a T2 = T2{e, B^., a) such that 



y (p(i,0_t(a); B,) = «x y <p(i,^-t(^); i?.) I e. 
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Then by the definition of puUback w-hmit set and property (4) of Lemma \2.2\ we know that 
u!cr{B„) is compact in X. ■ 
A criterion for the existence of puUback attractors is then obtained by means of n- 
contraction. 

Theorem 3.10. (Sufficient condition for existence of puUback attractors) 

Let if be a continuous cocycle w.r.t. 9 on M+ x E x X. Then {(p,0) has a puUback attractor 
provided that 

(i) {^,0) has a nested bounded puUback absorbing set ^ — {iJo-lo-es/ 
(ii) (}PtQ) is puUback k- contracting. 
Proof. For any ct £ S, we consider a family of w-hmit sets ^ — {-Bo-jo-es: 



s>0 t>s 

By LemTOQ 13. 91 we know that LUa-{B^) is nonempty and compact in X for each cr G S. 
In the foUowing, we wiU prove that £/ = {u!a{Ba)}crei: is a puUback attractor of {(p, 6), 
which wiU be accomphshcd in two steps. 

Claim 1. For each ct G E and any B E B , we have 

hm distxiifit, 0-tia);B), u„{B„)) = 0. 

t — *+oo 

In fact, if Claim 1 is not true, then there exist eg > Oj {s^njj^Li B and {t„} with 
in ^ +CX3 as n — + oo, such that 

distx{^{tn,0~u{(y)--,Xn),i^a{Ba))'^eQ for n= 1,2,--- . (3.8) 

However, thanks to Lemma 13.91 we know that {Lp(tn, 6-t„{cr)] is pre-compact 

in X. Without loss of generality, we assume that 

ip{t„, 9^t„{cr); x„) ^ xq as n ^ oo. (3.9) 

Then xq G uja-iBa), which is a contraction with (|3.8() . This complete the proof of Claim 1. 
Claim 2. si — {LD„(Bcy\ae^ is ip invariant, that is, 

(p{t, a; uJcr{Ba)) = ujetia)iBe^{a)) for aUt^ 0, ct G E. 



We first take a; G (p{t, a\ u!a{Ba)). 

Then there is a y G uJa{B„) such that x = ip{t, cr; y), and by the definition of ?/, there exist 
{Vn} C Bfj C Bq i„\ and i„ with t„ ^ oo as n — > cx) such that y — lim (p(i„, ^'-t„(o'); Vn)- 
Therefore, by the continuity of ip, as n oo, 

ifi{tn +t, 6'_(f„+i)(6't(CT)); yn) = f{t, cr; (p{t,i, 0_t„{cr); y„)) (p{t, a; y) = x. (3.10) 

On the other hand, from Lemmo 13.91 we know that {ip{tn + 1, 9 _(^i^j^_i^{9t{(j)); 2/n)}^i 
is pre-compact in X. Without loss of generality, we assume that 

ipitn +t, 9_(^t^+t){dt{o)); Vn) a;o G uJe^(a){Bg^(„)) as n ^ oo. 
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Then by the uniqueness of hmitation, we have x = xq, which imphes that x £ ujg^(^„^{Bg^(^„j), 
and thus 

cp{t, a; LO,{B„)) C Ug^(,){Bg^(,)). (3.11) 

Now, we only need to prove the converse inclusion relation. 

Let z e ti;0j(-o-)(-B6(t((T)). Then there exist {zn\ C Bg^j^^-j and t„ with i„ oo as n ^ oo 
such that z = lim (p{tn, O^t^i^tio'))', Zn)- 

n — *oo 

Since {zn\ C Bg_^(^„) is bounded, from Lemma \?>S)\ we know that {ip{tn—t, ^^-(t„-t) (c); Zn)}'^^i 
is pre-compact in X. Without loss of generality, we assume that ip{tn—t, 9_(t^_t) (u); z„) 
xq e uj„{Ba) as n — > oo. Then by the continuity of (f, we have 

^p{t, (t; xq) <- ip{t,a; Lpitn -t, 6'_(t^_f)(fT); z„)) 

= Lpitn, 6'_(t^_f)(CT); Zn) 

= ip{tn, 0_(t„)(0t(a)); z„) ->z. (3.12) 
Hence, z = ip(t, a; xq) with a;o G uj^lB^), which implies 

^et{a){Bet{cr)) C (p{t, a; uj„{B„)). (3.13) 
Combining (|3.11(l and 13.13|l we know that Claim 2 is true. 

From Claim 1 and Claim 2, we complete the proof of Theorem 13.101 ■ 

Remark 3.11. In the proof of Theorem \3. lJ\ the continuity of the cocycle (p{t, a; •) : 
X ^ X can be replaced by the "weaker" continuity; see (I3.1Q() and H3.12|l . That is, the 
above proof holds for norm-to-weak continuous cocycles; see ,4-11 for autonomous cases. 

Similar to the definition in Caraballo et al [J], we define the following pullback asymptotic 
compactness for NDS. 

Definition 3.12. Let ip be a cocycle w.r.t. 9 on x E x X . Then ip is called pullback 
asymptotically compact, if for each (T £ S, every bounded sequence {xn}'^:^i, '^'^'^ every time 
sequence {tn} C with tn — > +c» as n ^ oo, {(p{tn, 9-t,S'^)'i ^n)}^=i is pre-compact in 
X. 

In the framework of pullback attractors, the pullback asymptotic compactness may not be 
equivalent to the K-contraction if the cocycle only has a general bounded pullback absorbing 
set. In fact, we need this bounded pullback absorbing set to satisfy an additional nesting 
condition; see the next theorem. 

From Lemma 13.91 we know that if Lp has a nested bounded pullback absorbing set, 
then ip being pullback ^-contracting implies that Lp being pullback asymptotically compact; 
furthermore, in the proof of Theorem \'d.lQ\ we note that we indeed only used the pullback 
asymptotic compactness. This, combining with LeTOma 13.61 implies the following criterion. 

Theorem 3.13. (Criterion for existence of pullback attractor) 

Let p be a norm-to-weak continuous cocycle w.r.t. 9 on M.~^ x S x X such that {^,9) has 
a nested bounded pullback absorbing set. Then {ip, 9) has a pullback attractor if and only if 
(ip, 9) is pullback k- contracting, or equivalently, ((/?, 9) is pullback asymptotically compact. 

That is, under the assumption that ((/?, 9) has a nested bounded pullback absorbing set, 
pullback K-contraction is equivalent to pullback asymptotic compactness. 

On the other hand, the authors in [7] have proven that ((/?, 9) has a pullback attractor 
provided that (</?, 9) is pullback asymptotically compact and has a bounded pullback absorb- 
ing set (see Theorem 7 of [?]). In fact, from the definition of pullback attractor, Lemma \'S.6\ 
Theorems 13 . 1 01 and 13 . 1 31 we observe that these conditions are also necessary. We summarize 
this result in the following theorem. 
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Theorem 3.14. (Another criterion for existence of pullback attractor) 

Let if be a norm-to-weak continuous cocycle w.r.t. 6 on x T, x X . Then {^p,0) has a 
pullback attractor if and only if (ip, 9) is pullback asymptotically compact and has a bounded 
pullback absorbing set. 

Theorem \6.Y6\ a,TiA rft.eorem l3.14l show that pullback asymptotically compact is stronger 
than pullback k— contracting to some extent, which is different from the autonomous cases. 
Note also that Theorem 3.14 is a slight improvement of Theorem 7 in 0, from continuous 
cocycles to "weakly" continuous cocycles (i.e., norm-to-weak continuous cocycles). 

Although we only use the pullback asymptotic compactness in our later applications in 
§5, we think that the pullback k— contraction criterion for existence of pullback attractors 
for "weakly" continuous cocycles (i.e., norm-to-weak continuous cocycles) is of independent 
interest and will be useful for other non-autonomous dynamical systems. Another reason 
to present the k— contraction criterion here is that we like to highlight a difference with the 
autonomous systems: In non- autonomous systems, the pullback asymptotic compactness 
criterion and the pullback k— contraction criterion, for existence of pullback attractors, are 
not equivalent unless when there exists a nested bounded absorbing set {Theorem \6.V6\ . 

We also remark that the definitions and results in this section can be expressed in the 
framework of processes, instead of cocycles, as in |14| . 

4 A technical method for verifying pullback asymptotic 
compactness 

We now present a convenient method for verifying the pullback asymptotic compactness for 
the cocycle generated by non- autonomous hyperbolic type of equations, in order to apply 
Theorem 13. 131 to obtain existence of pullback attractors in the next section. This method 
is partially motivated by the methods in |17l 1181 in some sense; see also in [SHI- In |18| . 
the authors present a general abstract framework for asymptotic dynamics of autonomous 
wave equations. 

Definition 4.1. flciyi/ ) Let X be a Banach space and B be a bounded subset of X . We 
call a function ■), defined on X x X , a contractive function on B x B if for any sequence 
{xn}^=i C B, there is a subsequence {xnf.}'^^i C {xn}'^=i such that 

lim lim ip{xn,^, a;„J = 0. 

k — >oo I — >oc 

We denote the set of all contractive functions on B x B by Contr{B). 

Theorem 4.2. (Technique for verifying pullback asymptotic compactness) 

Let if be a cocycle w.r.t. 9 on R+ xYixX and have a nested bounded pullback absorbing 
set Si — {-Bo-jo-GS- Moreover, assume that for any e > and each cr G E, there exist 
T — T{B^,s) and 4'T.a{'i') G Contr{B„) such that 

\\ip{T, eerier); x) - (p{T, 9^T{(j);y)\\ < £ + ilJT,a{x, y) for all x,y e B^, 

where ijjT,a- depends on T and a. Then if is pullback asymptotically compact in X. 

Proof. Let {yn}^=i be a bounded sequence of X and {t„} C M+ with <„ ^ oo as 
n ^ oo. We need to show that 

{(p{tn, 9-t^{cr); yn)}'^=i is precompact in X for each ct e E. (4.1) 
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In the following, we will prove that {(^(i„, 9-t„ (f); 2/n)}^i has a convergent subsequence 
via diagonal methods (e.g., see (25)1. 

Taking Sm > with Sm — > as m ^ oo. 

At first, for £i, by the assumptions, there exist Ti = Ti{ei) and ipil-,-) G Contr{Ba-) 
such that 

MTi, 0_Ti(a); x)-^iTi, O^tA^); y)\\ ^ £1+^1(2:, y) for all £ B,, (4.2) 

where ■01 depends on Ti and a. 

Since t„ — > 00, for such fixed Ti, without loss of generality, we assume that t„ is so large 
that 

ip{tn~Ti, e_(t„-T^){^-T^{cr))] Vn) G Be_^^(^„) C B„ for each n = 1,2,-- - . (4.3) 
Set Xn — f{tn ^ Ti, 6'_(j^„yj') (6'_yj (cr)); j/„). Then from (|4.2|1 we have 

^'-t„(CT); 2/«) -"^(im, 6'-t„(o-); ym)|| 

= ||i^(Ti,6'_Ti(CT);a;„) - v3(ri,6'_Ti(cr);x,„)|| ^ ei + V'i(a;„, x,„). (4.4) 

Due to the definition of Contr{B„) and '0i(': G Contr{Bcr), we know that {a;„}5^]^ has 
a subsequence {xi^''}^^ ^^^^h that 

hm hm V^i(a;W, ^.W) ^ (4.5) 

and similar to |25| . we have 

lim sup||^(4)^^, (a); yW^J - ^(^W, 0_,(i,(a); yW)!| 



hm sup lim sup || ^(t«^^ , (a) ; y ) - ^(^W , (^) ; y(i) ) || 



I — >-oo 



+ lim sup lim sup 1 1 ^(t«, 0_,a,(a); yW) -^(t«, 0_,a)(^); yl'^)|| 
^ £1 + lim sup lim ipiix^}}^ , x,[,V) + £1 + lim lim ^pi(xl}}, x^}}), 

which, combining with 14.4|l and (|4.5ll . implies that 

hm sup ||^(4Vp' ^-t<^) ('^); yii+J - < 4£i. 

Therefore, there is a Ki such that 

By induction, we obtain that, for each m ^ 1, there is a subsequence 

{¥'(dT^^\ 6'_ (,„+i)(cr); yir^^^)}^! of {93(d"\ e A„.){a)] yiT^)}^i and certain such 

"fc "fc 

that 

II^(4T+'^ 0_,(™+i)(^); yir'V^(47+'\ e_,(™+i)(a); y(7+i))|| 5£„,+i for allfc,; ^ K^+,. 

Now, we consider the diagonal subsequence {ip{6a} , 9 {k){a)] y'nk)}kLi- Since for each 
m e N, {¥'(infc\ 6'_j(fc)(cr); yit^)}^„ is a subsequence of {v5(dT\ 6'_t(")(o-); yiT^)}^i, then, 

||^(tl';), ^?_,(fc,(a); yW) - ^(4'^, ^^_,(o(a); 2/i'/)|| 5£™ for all fc, ^ > max{TO,if™}, 
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which, combining with — > as m ^ oo, inipHes that , 9 Ak){a)] j/rifc is a 

Cauchy sequence in X. This shows that {1^9(^71, ^-tnCf); !/n)}5?Li is precompact in X for 
each (7 e S. We thus complete the proof. ■ 

Note that the nested properties and the contractive properties are only used in (|4.3|l 
and H4.2|l respectively. We have a similar corollary for the cocycle without nested puUback 
absorbing set, the proof is similar to that for Theorem 14.21 above. 

Corollary 4.3. Let ip he a cocycle w.r.t. 9 on K+ x Y, x X and have a bounded pullback 
absorbing set S8 — {Bc^^^y.- Moreover, assume that for any e > and each cr G there 
exist T — T{(T,e) and '4'T,a{-, •) G Contr{Bg_^^g.^) such that 

\\ip{T, 9-t{(j);x) - (p{T, 9-T{cr);y)\\ ^ e + il;T,a{x, y) for all x,y 6 

where ^->T,<y depends on T and a. Then ip is pullback asymptotically compact in X. 

5 Pullback attractors for a non-autonomous wave equa- 
tion 

In this section, we prove the existence of the pullback attractor for the non-autonomous wave 
system by applying T/j,eorems l3.13l and l3.14l We use the method (via contractive 

functions) in §4 to verify the pullback asymptotic compactness. This method appears to 
be very efficient for non- autonomous wave or hyperbolic equations, while the approach in 
[3, which is an energy method and is different from ours, is very appropriate for some 
non-autonomous parabolic equations or wave equations with linear damping, e.g., see j32| . 
In fact, the approach in 7 is an energy method and may be seen as a non- autonomous 
generalization of Ball's method j^. 

5.1 Mathematic setting 

We consider the non- autonomous wave system (|1.1() - (|1.3|) on the state space X = i?o(r2) x 
L'^in). For each go £ Lf^^i^; L'^i^)). we denote {go{s + t)\t e R} by 7^1(50)- For fa{v,s) 
satisfying H1.8|l - (|1.9|) . we similarly denote 7i2(/o) = {/o(-, s + t)\t e K}. 

Let S = Ti.2{fo) X T^iido) be the parameter space. We define the driving system 9t: 
S E by 

Otifo{-),go{-))^ifo{t + -),goit + -)), teR. (5.1) 

Then, system (ll.l(l - ()1.3|l is rewritten as the following system 

Utt + h{ut) ~ Au + f{u,t + s) = g{x, t + s), {x,t) e ft x R+ , 
u{x,t)\an^O, (5.2) 
u{x,0) = uo{x), ut{x,0) = vo{x), 

where s G M means the initial symbol, corresponding to some tr G E. 

Applying monotone operator theory or Faedo-Galerkin method, e.g., see ^^ISHIEZI, it is 
known that conditions (|1.4|) - H1.9|I guarantee the existence and uniqueness of strong solution 
and generalized solution for Hl.l() - (|1.3() . and the time-dependent terms make no essential 
complications. 



13 



Lemma 5.1. (Well-posedness) 

Let fl be a bounded subset of M'^ with smooth boundary, and assume that either Assumption 
I or Assumption II holds. Then the non- autonomous system (|5.2|) has a unique solution 
{u{t), ut{t)) e C(R+; Hl{n) X L2(f2)) and d^u{t) e Lf^JM+; H-^{n)) for any initial data 
xq = (u'^j u^) G IlQ{fl) X L^(fl) and any initial symbol cr € S. 

By Lemma l5.ll we can define the cocycle as follows: 
f^: M+xSxX ^X, 

\{t,a,{u°{x),uHx))) ^ ■ ' 

where [u" [t) , [t)) is the solution of (|l.l|l corresponding to initial data (u°(a;), (x)) and 
symbol cr = (/o(s+-): 5o(s+')); and for each [t, a) E R+xS, the mapping (^(i, a; ■) : X ^ X 
is continuous. 

Hereafter, we always denote by {(p, 9) the cocycle defined in H5.1(l and ()5.3|l . 
We now prove the following main result. 

Theorem 5.2. (Existence of pullback attractor) 

Let be a bounded domain o/M^ with smooth boundary. Then under either Assumption I or 
Assumption II, the NDS {(p, 9) generated by the weak solutions of ()1.1|I - H1.3|I has a pullback 
attractor = {LOa{Ba)}(yeT,- 

We need a few lemmas before proving this theorem. 



5.2 Pullback absorbing sets 

In the following, we deal only with the strong solutions of ll.l|l . The generalized solution 
case then follows easily by a density argument. We begin with the following existence result 
on a bounded pullback absorbing set. 

Lemma 5.3. (Pullback absorbing set) 

Let fl be a bounded domain ofM.^ with smooth boundary. Then under either Assumption I 
or Assumption II, the NDS {ip, 9) has a bounded pullback absorbing set ^ = {B^}^^-^. 

Proof. For each cr e E, we know that cr is corresponding to some sq satisfying that 
cr = {,f{v, So + t),g(x, So + 1)), and Lp{t, 9^to (o"); xq) is the solution of the following equation 
at time t: 

utt + h{ut) - Au + f{u, t-ta + so) = g{x, t - to + so), {x, t) enxR+, 
< (u(0), ut{0))=xo, (5.4) 
u\dn = 0. 

Under Assumption II, we can repeat what have done in the proof of [Theorem 1, 
Haraux|2n|], to obtain that there exist a p (which depends only on ll5llj^oo(j, i,2(n)) and the 
coefficients in (|1.4|l - (|1.9|) ') and a T (which depends only on H^llj^^^j, L^in))' coefficients in 
(|1.4|) - H1.9|I and the radius of B) such that for any cr G E, 

\\p{t, 9^toicr); xo)\\^ p for all T < t to and xo G B. (5.5) 

Hence, for Assumption II, we can take B^ = {x E X \ \\x\\^ ^ p} for each cr. 

Under Assumption I, we can use the methods as that in the proof of Chepyzhov and 
Vishik [Pl], Lemma 4.1, Proposition 4.2, P 121-123], obtain also that there exist Cp and (3 
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(which depend only on the coefficients in (|1.4|) - (|1.9|l and Cq) and a T (which depends only 
on J^'^ \g{x, s)\'^dxds, the coefficients in (|1.4f) - (|1.9|) and the radius of B) such that 

Wifiit, e_t,ia)- xo)!!^ =C^(l+e^'3^° / " ef"' f \g{x, s)\^dxds) VT^t <to, e B. 

J — OO J Q 

(5.6) 

Therefore, under Assumption I, we can take B^ = B^ — {x ^ X \ ^ Pc 0}- ' 

Remark 5.4. From (15.5(1 we know that under Assumption II, the NDS (ip, 0) has a 
nested bounded pullhack absorbing set SS = \B„^„^^. 

5.3 Fullback asymptotic compactness 

We new prove the puUback asymptotic compactness. 

Lemma 5.5. (Fullback asymptotic compactness) 

Under either Assumption I or II, for any bounded sequence {a^nlJ^Li ^ ^ '^'^'^ cr G S, the 
sequence (p{tn, 6'_t^((7); Xn}^:^i '■^ precompact in X. 

The idea for the proof is similar to that in Chueshov & Lasiecka [161 1171 IT^ and Khan- 
mamedov 1251 : see also in 'SO for linear damping and autonomous cases. 

In order to prove this lemma on puUback asymptotic compactness, we need to derive a 
few energy inequalities; see (|5.19ll - (|5.22|l below. 

We first present some preliminaries and notations. 

For each cr G S, we know that a is corresponding to some sq such that a — (/(w, sq + 
t),g{x,so + t)). For any x}^ = (u^, w^) e X {i ^ 1,2), let {ui{t),Ui^{t)) = ip{t,e_to{<^); ^0) 
be the corresponding solution of the following equation at time t: 

utt + h{ut) - Alt + /(u,t - to + So) = 9{x, t-to + So), {x,t) e fl x M+, 
(u(0), «t(0))=4, (5.7) 
u\dn = 0. 

For convenience, we introduce notations 

Mt) = fiu,{t),t-to + so), h,{t) = h{u,^{t)), t^O, z = l,2, 

and 

w{t) = Ui{t) - U2{t). 

Then w{t) satisfies 

wtt + hi[t) - h2{t) -Aw + flit) - f2{t) = 0, 

w\an = 0, (5.8) 

We also define an energy functional 

E^(.t)^^ I \w{t)\^ + \ I \Vw{t)\\ (5.9) 

Since the puUback attractors obtained in Lemma \b.'6\ &ve different for Assumption I and 
//, in the following we will deduce different estimations. 
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We first deal with the case corresponding to Assumption II: 

Step 1 Multiplying (|5.8|) by Wt{t), and integrating over [s, T] x 57, we obtain 

Ey.iT) + [ [ (hiir) - h2ir))wtir)dxdT + [ [ (/i(r) - /2(r))w;t(T)dxdr = E^is), 

(5.10) 

where ^ s < T ^ to- Then 

/ / (/ii(t) - h2{T))wt{T)dxdT ^ E^{S) - [ f (/i(t) - f2{T))wtiT)dxdT. (5.11) 

Js Jn Js Jn 

Combining with Lemma \2.'6[ we get that for any S > 0, 

|2 



\wt{T)YdxdT < |r - s\b ■ mesiSl) + CiE^{s) - Cs / (/i - f2)wtxdT. (5.12) 
n Js Jn 

Step 2 Multiplying (|5.8(l by w(t), and integrating over [0, T] x fi, we get that 



[ [ \Vw{s)\'^dxds+ [ wtiT)-w{T) 
Jo Jn Jn 



lo Jn Jn 

- / / \wt{s)fdxds~ [ [ ihi-h2)w+ [ wtiO)-w{0)- [ [ {fl~f2)w. 
JQ Jn Jo Jn Jn Jo Jn 

(5.13) 

Therefore, from (|5.12|) and H5.13|l . we have 



2 [ E^{s)ds 
Jo 

^ 25Tmes{n) + 2CsE^{0) - 2Cs [ [ (/i - f2)w{t)dxds 

Jo Jn 



Jn 

Wt{T)w{T)+ f wt{0)w{0)- f f {hi~h2)w- f [ {h-h)w. (5.14) 
In Jn Jo Jn Jo Jn 

Integrating H5.1()|l over [0, T] with respect to s, we have that 

TE^{T)+ [ [ ( [hl[T) - h2{T))wt[T)dxdTds 

Jo Js Jn 

^ I I I ih ~ f2)wtdxdTds + / E^{s)ds 
Jo Js Jn Jo 

f f f (fi- f2)wtdxdTds + 5Tmes[n) + CsE^,{Q) 
Jo Js Jn 

-Cs I I [h- f2)wtdxds^\ f wt{T)w{T) + l f wt{0)w{0) 
Jo Jn ^ Jn ^ Jn 

-I r [{hi- h2)w j [f,- f2)w. (5.15) 

Jo Jn ^ Jo Jn 

Step 3 We will deal with Jq Jfi{hi — h2)w. Multiplying (|5.7() by Ui^{t), we obtain 
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which, combining with the existence of bounded uniformly absorbing set, imphes that 

' h{u^,)u^, ^ Mt, (5.16) 



Jn 



where the constant depends on T (which is different from the autonomous cases). Then, 
noticing H2.1|) . we obtain that 

/ / \h{u^J\'^dxds ^ Mt. (5.17) 
Jo Jn 

Therefore, using Holder inequality, from (|5.17|l we have 



Jo Jn 



which implies that 



1/ {h,-h2)w\^2MS^' I / . (5.18) 

Jo Jn \Jo Jn J 

Hence, combining (|5.15() and (|5.18|) . we obtain that 
E^iT) < 6mes{n) X^'^'^^^ " f2{T))wt{T)dxdTds + ^S^(O) 

- h{s))wt{s)dxds - ^ ^ wt{T)w{T) + ^ ^ wt{G)w{0) 

1 

+ ^M|^ ( ^ ^ \w{s)\^+^dxds\ - ^ ^ ^(/i(.s) - h(s))w{s)dxds 



for any ^ T ^ to- 
We define 



i^T,S,a{xl, xl) 

{fl{T) - f2{T))wt{T)dxdTds 



T JQ Js Jn 



-f / / (/i(^^) - f2{s))wt{s)dxds - — / Wt{T)w{T) 
^M^' ij^ Jjw{s)f+'dxds] ^ ±. J^if,{s) - f2{s))wis)dxds. (5.19) 



Then we have 



E^{T) SmesiQ) + / «it(0)w;(0) + ^^^(0) + 7^t,5,.(4, x^) (5.20) 
^-^ Jn ^ 

for any (5 > 0, s$ T < to. 

For the case corresponding to Assumption I: 
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Since under our general assumption (|1.1U|) . as shown in H5.6|l . the pullback attractors 
may not satisfy the nested properties. Inspired partly by the results in [7ll26j we will deduce 
different estimations by the same methods; see (|5.21|l and H5.22f) below. 

Repeat Step 1 and Step 2 above, and just replace the multipliers Wt(t) and w{t) by 
e^*Wt{t) and e^^w{t) respectively, and take into account fi < Cq, we can obtain the following 
similar estimates 

E^T) < ^e-f'^E^iO) + ij'T,A4, 4) (5.21) 
for any (5 > 0, T < to, where a = (Cq + /3)/(Co - /3) and 

V't, cr(^OJ ^o) 



e^^ihir) - f2{T))wt{T)dxdTds + ^e-P^ / u;t(0)«;(0) 



^ Jo Js Jn '^^ Jn 

+ ^^-^io,.T.co:,(^£ Jj^i')\'dxds^ ■ (5-22) 

With the above energy inequalities, we are now ready to prove pullback asymptotic com- 
pactness. 

Proof of Lemma 15.51 We will deal with Assumption I and Assumption 11 separately. 
Assumption II: 

For each cr G S, and for any fixed e > 0, from H5.19(l . we can take to large enough such 
that 

e B^. (5.23) 

Hence, thanks to T/ieorem l4.2l and Lemma 15.31 it is sufficiently to prove that the function 
'4^to,s,cr{', ■) defined in H5.19|l belongs to Contr{B„) for each fixed t^. 

We observe from equation H5.7|l (and also see [32]) that for any to > 0, 

IJ ip(t, e-toicr); Ba) is boimded in X, (5.24) 

te[o,to] 

and the bound depends only on to a-nd a. 

Let {un,ut„) be the corresponding solution of (iio,i>o) G So- for problem (|5.7|) . n = 
1, 2, • • • . From the observation above, without loss of generality (or by passing to subse- 
quences), we assume that 

Un^u -k -weakly in L°°(0,to; Hl{Vt)), (5.25) 

Un^u in Lf+i(0, to; L^+^i^)), (5.26) 

Un, -^ut * -weakly in L°°(0, to; L^i^)), (5.27) 

u„^u in L'^{0,to; L'^in)) (5.28) 

and 

u„(0) ^ u(0) and u„(to) ^ u(to) in L^{n). (5.29) 
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Here we have used the compact embeddings ^ and ^ L^^^ (since 1 < p < 5). 
Now, we win deal with each term in (|5.19|) one by one. 
First, from it^?^ and if^?^ we get that 

Km Km {Untito) - U,nt {to)){Un{to) - Um{to))dx ^ 0, (5.30) 



n — >oo m— i'CXj 



hm hm / / \un{s)-u,n{s)\P+^dxds^O, (5.31) 



n — ^oo m — *oo 



10 Jn 

and from p.8|l and H5.28|l . we further have 

hm lim / {f{u,i{s),s-to+so)-f{u,n{s),s-to+so)){un{s)-Um{s))dxds = 0.{5.32) 
lo Jn 



n — ^oo m — >cxD 



Second, note that 

n{Unt{s) - U,nt{s)){f{Un{s),S - to + Sq) - /(Wm(s),S - to + So))dxds 
A 

nnto r 
Unt{s)f{Un{s),S - to + So) + / / (s)/(-U™ (s) , S - to + So) 

.2 Jo Jn 

Unt{s)f{Um{s),S~to+So)~ / / Umt (s)/(Wn(s), S - to + Sq) 

J Jo Jn 

F(u„(to), So) - [ F{Un{0),-to + So) - [ [ Fs{Un{T),T -to + so)dxdT 

Jn Jo Jn 

+ / F{Um{to),So) - / F{Um{0),-to + So) - / / Fs{Um{T) , T - to + So)dxdT 

Jn Jn Jo Jn 

nrto r 
U,n{s)f{u„r{s),S -to + So) - / / U,nt{s)f{Un{s)s - to + So). 
A Jo Jn 

By (|5.25|l . (|5.27() . H5.29|l and H1.8|l . taking first m — > oo and then n — > cx), we obtain that 

hm hm / {unt{s)-Umt{s)){f{un{s),s-to + so)-f{ujn{s),s-to + so))dxds 
h Jn 

F{u{to),so)- f F(u(0),-io + so) - / / Fs{u{t),t - to + so)dxdT 
! Jn Jo Jn 

+ f F{u{to),so)- f F{u{0),-to + so)- f f Fsiu{T),T-to + so)dxdT 
Jn Jn Jo Jn 

nrto r 
utf{u{s),s - to + So) - / / utf{u{s),s-to + so) 
A Jo Jn 

= 0. (5.33) 



n— *oo m — >oo 
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Similarly, we have 



fto n 

/ (Wnt(T) - U„,^{T)){f{Un{T),T'- Iq + Sq) - f{u„^{T),T - Iq + Sa))dxdT 

s Jn 

F(u„(<o), So) - / F{Un{s),S-to + So)- 1 f Fs{Un{T),T - to + so)dxdT 

Jn Js Jn 

+ / F(u„i(io),So) - / F{Um{s),S -tn + So) - / / Fs{Um{T),T - to + so)dxdT 

Jn Jn Js Jn 

Unt f{Um{T),T - to + So) - / / /(Wn (t) , T - + Sq) . 

n Js Jn 

Since | J*° f^{unt (r) - {T)){f{u,i{T),T - to + so) - f{um{r), T-to + so))dxdT\ is bounded 
for each fixed by the Lebesgue dominated convergence theorem, we finally have 

lim lim / / {Unt{T)-Ujnt{T)){f{Un{T),T-to + So)-f{Um{T),T-to + So))dxdTds 

n^oom^ooj^ Jn 

to / rto n 

lim lim / / (wn^ (r) - u„j (r)) 



m— >oo n— >oo 



ifiunir), T -to + So) ~ f{um{T),T - to + so))dxdT^ ds 



to 

Ods = 0. (5.34) 

Hence, from (|5.30l) - (|5.34ll . we see that ipto,s,cr{-, •) £ Contr[B^). 
Assumption /: 

From the definition of ^ (see (|5.6f) ). we have the conclusion: for each a and for any 
e > 0, we can take to large enough such that e^^^° ^ („) tj ^ ^■ 

Hence, from Corollary 14. 31 and H5.21|l . we only need to verify that the function ^(•, •) 
defined in H5.22|l belongs to Contr{Bg ^^_^^^-j). To this end, we notice that e'^* is bounded in 
[0,to] and Ute[o to] f^^' ^-to ("')! ^e-t,, (o-)) is bounded in X. The remainder is just a repeat 
of that for iptg.s.a-i', •) above. 

This completes the proof of Lemma 15. 51 I 

5.4 Existence of pullback attractors 

Now we complete the proof of the main result. 

Proof of Theorem 15.21 From Lemma 15.31 and Lemma 15.51 we see that the conditions 
of Theorems 13.131 and 13.141 are all satisfied respectively and thus we imply the existence of 
the pullback attractor. ■ 

Remark 5.6. In this section, we obtain the pullback asymptotic compactness for the 
non- autonomous wave system (|l.l|l - (|1.3|) by the technique presented in ^4- This technique is 
different from the method in '?/. Due to the existence of nested bounded pullback absorbing 
set for Assumption llfLemma \5.!^) . the pullback n— contraction is equivalent to pullback 
asymptotic compactness (see Theorem 15'. Thus, in principle, we could also use the 
pullback K~ contraction criterion to conclude the existence of pullback attractor, using the 
decomposition method as in \1!A \cll^ (popular for autonomous systems). 
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6 Some remarks 



In this paper, we discuss the asymptotic behavior of solutions in the framework of puUback 
attractors. Another interesting question is forward attractors; see ^flEl for general discus- 
sions or |S] for practical applications to wave equations with delays. However, for the forward 
attraction property to hold, one usually needs some uniformity about the time-dependent 
terms (i.e., about the symbol spaces Q^). As discussed in details in [SJ 1211, for general 
non-autonomous dissipative systems, how to obtain the forward attraction properties is an 
open problem if without this uniformity assumption. 

For our problem, under the Assumption II in §1, we indeed obtain a bounded uniformly 
absorbing set in the sense of in Lemma \b.'6\ ( or see Haraux[22|). If we assume further that 
g satisfies some additional conditions, e.g., g is translation compact or g G W^'°°{R] L^(r2)), 
then by the same method, we can verify the family of processes (see for more details) 
corresponding to the non-autonomous wave system p.l(l - l|1.3|l is uniformly asymptotically 
compact and thus has a uniform (w.r.t. ct G S) attractor in the sense of ^1). However, for 
the case of Assumption I in §1, it appears difficult to discuss the forward attraction for g 
satisfying only H1.10|l . 

For the autonomous case of (ll.l|l - (|1.3ll . recently, Chueshov & Lasiecka ^Sl have shown 
a general result for the existence of global attractor, and they allow p = 5, i.e., the so-called 
critical interior damping. In their autonomous case, it is true that for all ^ s ^ 



where Cr depends only on the norm of initial data, but independent of time instants s and 
t. However, for our non-autonomous case, this constant may depend on time instants s and 
t (e.g., see (I5.16|l . (|5.17|l 'l. and thus in our proofs, we require (at least, technically) that the 
growth order of h to be strictly less than 5: p < 5. 

Moreover, in the present paper, we use the pullback asymptotic compactness to obtain the 
existence of pullback attractors of non-autonomous hyperbolic systems. This is mainly based 
on a technical method for verifying pullback asymptotic compactness in §4. However, for 
other non-autonomous systems or using other techniques (e.g., the decomposition method), 
the pullback k— contraction criterion may be more appropriate for proving the existence of 
pullback attractors. 

Finally, we point out that all the contents in this paper can be expressed by the frame- 
work of processes, instead of cocycles, as in 01301211; see also for more results about 
processes. 
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